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SOLUTION OF THE QC YAMABE EQUATION ON A 3-SASAKIAN MANIFOLD 
AND THE QUATERNIONIC HEISENBERG GROUP 

STEFAN IVANOV, IVAN MINCHEV, AND DIMITER VASSILEV 


Abstract. A complete solution to the quaternionic contact Yamabe equation on the qc sphere of 
dimension 4n + 3 as well as on the quaternionic Heisenberg group is given. A uniqueness theorem 
for the qc Yamabe problem in a compact locally 3-Sasakian manifold is shown. 
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1. Introduction 

It is well known that the solution of the Yamabe problem on a compact Riemannian manifold is 
unique in the case of negative or vanishing scalar curvature. The proof of these results, which rely on 
the maximum principle, extend readily to sub-Riemannian settings such as the CR and quaternionic 
contact (abbr. qc) Yamabe problems due to the sub-ellipticity of the involved operators. The positive 
(scalar curvature) case is of continued interest since it presents considerable difficulties due to the 
possible non-uniqueness. The most important positive case in each of these geometries is given by the 
corresponding round sphere due to its role in the general existence theorem and also because of its 
connection with the corresponding Sobolev type embedding inequality. Through the corresponding 
Cayley transforms, the sphere cases are equivalent to the problems of finding all solutions to the 
respective Yamabe equation on the flat models given by Euclidean space or Heisenberg groups. The 
Riemannian and CR sphere cases were settled in [23] and [21]. It should be noted that the Euclidean 
case can be handled alternatively by a reduction to a radially symmetric solution [11] and [25]. 
Furthermore, [23] established a uniqueness result in every conformal class of an Einstein metric. In 
this paper we solve the qc Yamabe problem on the 4n -f 3 dimensional round sphere and quaternionic 
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Heisenberg group and establish a uniqueness result in every qc-conformal class containing a 3-Sasakain 
metric. 

We continue by giving a brief background and the statements of our results. It is well known 
that the sphere at inhnity of a any non-compact symmetric space M of rank one carries a natural 
Carnot-Caratheodory structure, see [22, 24]. A quaternionic contact (qc) structure, [2, 3], appears 
naturally as the conformal boundary at inhnity of the quaternionic hyperbolic space. Following 
Biquard, a quaternionic contact structure {qc structure) on a real (4n-|-3)-dimensional manifold M 
is a codimension three distribution H {the horizontal distribution) locally given as the kernel of a 
K^-valued one-form rj = (lyi, 172 ,%), such that, the three two-forms dijilH are the fundamental forms 
of a quaternionic Hermitian structure on H. The 1-form 77 is determined up to a conformal factor 
and the action of iS'0(3) on and therefore H is equipped with a conformal class [g] of quaternionic 
Hermitian metrics. To every metric in the hxed conformal class one can associate a linear connection 
with torsion preserving the qc structure, see [2], which is called the Biquard connection. For a hxed 
metric in the conformal class of metrics on the horizontal space one associates the horizontal Ricci- 
type tensor of the Biquard connection, which is called the qc Ricci tensor. This is a symmetric tensor 
[2] whose trace-free part is determined by the torsion endomorphism of the Biquard connection [12] 
while the trace part is determined by the scalar curvature of the qc-Ricci tensor, called the qc-scalar 
curvature. It was shown in [12] that the torsion endomorphism of the Biquard connection is completely 
determined by the trace-free part of the horizontal Ricci tensor whose vanishing defines the class of 
qc-Einstein manifolds. A basic example of a qc manifold is a 3-Sasakian space which can be defined 
as a {An -I- 3)-dimensional Riemannian manifold whose Riemannian cone is a hyperKahler manifold 
and the qc structure is induced from that hyperKahler structure. It was shown in [12, 15] that the qc- 
Einstein manifolds of positive qc-scalar curvature are exactly the locally 3-Sasakian manifolds, up to 
a multiplication with a constant factor and a iS'0(3)-matrix. In particular, every 3-Sasakian manifold 
has vanishing torsion endomorphism and is a qc-Einstein manifold. 

The quaternionic contact Yamabe problem on a compact qc manifold M is the problem of finding a 
metric g € [g] on H for which the qc-scalar curvature is constant. A natural question is to determine 
the possible uniqueness or non-uniqueness of such qc-Yamabe metrics. 

The question reduces to the solvability of the quaternionic contact (qc) Yamabe equation (2.7). 
Taking the conformal factor in the form fj = Q = 4n -I- 6, turns (2.7) into the equation 


Lu = 


4 ^ Au — uScal 

iaj Z 


^ Seal, 


where A is the horizontal sub-Laplacian, Ah = tr^{S/^h), Seal and Seal are the qc-scalar curvatures 
correspondingly of (M, 77 ) and (M, fj), and 2 * = with Q = An + 6 -the homogeneous dimension. 

Another motivation for studying the qc Yamabe equation comes from its connection with the 
determination of the norm and extremals in the Folland-Stein [ 8 ] Sobolev-type embedding on the 
quaternionic Heisenberg group G (H), [10], [27], [26] and completed in [14]. The qc Yamabe equation is 
essentially the Euler-Lagrange equation of the extremals for the case of the Folland-Stein inequality 
[ 8 ] on the quaternionic Heisenberg group G (H). 

On a compact quaternionic contact manifold M with a fixed conformal class [ 77 ] the qc Yamabe 
equation characterizes the non-negative extremals of the qc Yamabe functional defined by 

T{u) = [ (a ^ jVu]^ -I- Scalu^\dvg, f dvg = 1, u > 0. 

Here dvg denotes the Riemannian volume form of the Riemannian metric on M extending in a natural 
way the horizontal metric associated to 77. Considering M equipped with a fixed qc structure, hence. 
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a conformal class [ 77 ], the Yamabe constant is defined as the infimum 

A(M) = A(M, [ 77 ]) = inf{T(u) : f dvg = 1, 77 > 0}. 

Jm 

The main result of [28] is that the qc Yamabe equation has a solution on a compact qc manifold 
provided A(M) < A(S'^"“''^), where is the standard unit sphere in the quaternionic space H". 

In this paper we consider the qc Yamabe problem on the unit (4n + 3)-dimensional sphere in H”. 
The standard 3-Sasaki structure on the sphere 77 has a constant qc-scalar curvature Seal = 1677,(77 + 2) 
and vanishing trace-free part of its qc-Ricci tensor, i.e., it is a qc-Einstein space. The images under 
conformal quaternionic contact automorphisms are again qc-Einstein structures and, in particular, 
have constant qc-scalar curvature. In [12] we conjectured that these are the only solutions to the 
Yamabe problem on the quaternionic sphere and proved it in dimension seven in [13]. One of the 
main goals of this paper is to prove this conjecture in full generality. 

Theorem 1.1. Let rj = be a qc conformal transformation of the standard qc-structure rj on a 3- 
Sasakian sphere of dimension 477-1-3. Ifrj has constant qc-scalar curvature, then up to a multiplicative 
constant rj is obtained from fj by a conformal quaternionic contact automorphism. 

We note that Theorem 1.1 together with the results of [12] allows the determination of all solutions 
of the qc Yamabe problem on the sphere and on the quaternionic Heisenberg group G (H). In fact, as 
a consequence of Theorem 1.1, we obtain here that all solutions to the qc Yamabe equation are given 
by the functions which realize the equality case of the Folland-Stein inequality found in [14] with 
the help of the center of mass technique developed for the CR case in [9] and [5] . 

Recall that the quaternionic Heisenberg group G (H) of homogeneous dimension Q = 477 -I- 6 is 
given by G (H) = H" x ImH, {q = (t“, x“, 7/“, z“) € H”, w = {x, y, z) G ImH) with the group low 

{qo,UJo) o {q,uj) = {qo -f q,UJ -\- uJo + 21m. qoq). 

The ’’standard” qc contact form in quaternion variables is 0 = (© 1 , © 2 , ©3) = 5 {du! — q ■ dq-\- dq ■ 
q). The corresponding sub-Laplacian AqU = : where Ta, Xa, Ya, Za 

denote the left-invariant horizontal vector fields on G(IHI). Theorem 1.1 shows, in particular, the 
following 


Corollary 1.2. //$ satisfies the qc Yamabe equation on the quaternionic Heisenberg group G (H), 


4(Q T 2) 


AaiI) = -S'e 


Q-2 

for some constant Sq, then up to a left translation the function $ = }i giyen by 


( 1 . 1 ) 


h{q,uj) = Co (ct + \q + qo\^Y -I- Jo; -I- Wo -I- 2Imqoq\‘ 


for some fixed {qo,uJo) G G (H) and constants cq > 0 and a > 0. Furthermore, the qc-scalar curvature 
of Q is Sq = 12877(77 -I- 2 )cocr. 


This confirms the Conjecture made after [10, Theorem 1.1]. In [10, Theorem 1.6] the above result 
is proved on all groups of Iwasawa type, but with the assumption of partial-symmetry of the solution. 
Here with a completely different method from [10] we show that the symmetry assumption is super¬ 
fluous. The corresponding solutions on the 3-Sasakain sphere are obtained via the Cayley transform, 
see for example [12, 13, 14], [19, Sections 2.3 & 5.2.1] for an account and history. Finally, it should be 
observed that the functions (1.1) with Cq G M give all conformal factors for which © is also qc-Einstein. 

We derive Theorem 1.1 from a more general result in which we solve the qc Yamabe problem on 
a locally 3-Sasakian compact manifolds. By the results of [12] and [15] a qc-Einstein manifold is of 
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constant qc-scalar curvature, hence as far as the qc Yamabe equation is concerned only the uniqueness 
of solutions needs to be addressed. As mentioned earlier, the interesting case is when the qc-scalar 
curvature is a positive constant, hence we focus exclusively on the locally 3-Sasakian case. 

Theorem 1.3. Let {M,fj) be a compact locally 3-Sasakian qc manifold of qc-scalar curvature 16n{n-\- 
2). If rj = 2hfi is qc-conformal to fj structure which is also of constant qc-scalar curvature, then up 
to a homothety {M, rj) is locally 3-Sasakian manifold. Furthermore, the function h is constant unless 
(M, fj) is the unit 3-Sasakian sphere. 

The proof of Theorem 1.3 consists of two steps. The first step is a divergence formula Theorem 4.1 
which shows that if p is of constant qc-curvature and is qc-conformal to a locally 3-Sasakian manifold, 
then fj is also a locally 3-Sasakian manifold. The general idea to search for such a divergence formula 
goes back to Obata [23] where the corresponding result on a Riemannian manifold was proved for 
a conformal transformation of an Einstein space. However, our result is motivated by the (sub- 
Riemannian) CR case where a formula of this type was introduced in the ground-breaking paper of 
Jerison and Lee [21]. As far as the qc case is concerned in [12, Theorem 1.2] a weaker results was shown, 
namely Theorem 1.3 holds provided the vertical space of rj is integrable. In dimension seven, the n = 1 
case, this assumption was removed in [13, Theorem 1.2] where the result was established with the help 
of a suitable divergence formula. The general case n > 1 treated here presents new difficulties due to 
the extra non-zero torsion terms that appear in the higher dimensions, which complicate considerably 
the search of a suitable divergence formula. In the seven dimensional case the [3]-component of the 
traceless qc-Ricci tensor vanishes which decreases the number of torsion components. 

The proof of the second part of Theorem 1.3 builds on ideas of Obata in the Riemannian case, 
who used that the gradient of the (suitably taken) conformal factor is a conformal vector field and 
the characterization of the unit sphere through its first eigenvalue of the Laplacian among all Einstein 
manifolds. We show a similar, although a more complicated relation between the conformal factor 
and the existence of an infinitesimal qc automorphism (qc vector field). Our divergence formula found 
in Theorem 4.1 involves a smooth function /, c.f. (4.7), expressed in terms of the conformal factor 
and its horizontal gradient. Remarkably, we found that the horizontal gradient of / is precisely the 
horizontal part of the qc vector field mentioned above and the sub-Laplacian of / is an eigenfuction 
of the sub-Laplacian with the smallest possible eigenvalue —An thus showing a geometric nature of / 
(cf Remark 5.3). Then we use the characterization of the 3-Sasakian sphere by its first eigenvalue of 
the sub-Laplacian among all locally 3-Sasakian manfolds established in [17, Theorem 1.2] for (n > 1) 
and in [16, Corollary 1.2] for n = 1. 

Remark 1.4. Remarkably, a similar arguments also work in the CR case describing the geomet¬ 
ric nature of the mysterious function in the Jerison-Lee’s divergence formula in [21]. Indeed, the 
CR-Laplacian of the real part of the function f defined in [21, Proposition 3.1] turns out to he an 
eigenfuction of the CR-Laplacian with the smallest possible eigenvalue —2n thus showing a geometric 
nature of the real part of f. 

Convention 1.5. We use the following 

1 . {ei,..., e^n} denotes an orthonormal basis of the horizontal space H; 

2. The capital letters X,Y,Z... denote horizontal vectors, X,Y,Z... € H. 

3. The summation convention over repeated vectors from the basis {ci,..., e 4 „} will be used. For 

example, for a (0,4)-tensor P, k = P{eb, Ca, Ca, et) means k = Cq, Cq, Cb). 

4. The triple {i,j,k) denotes any cyclic permutation of (1,2,3). 
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2. QUATERNIONIC CONTACT MANIFOLDS 

In this section we will briefly review the basic notions of quaternionic contact geometry and recall 
some results from [2] and [12], see [19] for a more leisurely exposition. 

A quaternionic contact (qc) manifold (M, rj, g, Q) is a 4n + 3-dimensional manifold M with a 
codimension three distribution H locally given as the kernel of a 1-form 77 = ( 771 , 172 , %) with values 
in In addition H has an Sp{n)Sp{l) structure, that is, it is equipped with a Riemannian metric 
g and a rank-three bundle Q consisting of endomorphisms of H locally generated by three almost 
complex structures /i,/ 2,/3 on H satisfying the identities of the imaginary unit quaternions, / 1/2 = 
—I 2 I 1 = da, I 1 I 2 I 3 = which are hermitian compatible with the metric g{Is.,Is.) = g {.,.) and 

the following contact condition holds 

2g{IsX,Y) = dgs{X,Y). 

A special phenomena, noted in [2] , is that the contact form 77 determines the quaternionic structure 
and the metric on the horizontal distribution in a unique way. 

The transformations preserving a given quaternionic contact structure 77 , i.e., fj = p’^rj for a 
positive smooth function p and an SO{3) matrix ik with smooth functions as entries are called 
quaternionic contact conformal (qc-conformal) transformations. If the function p is constant 77 is called 
qc-homothetic to 77 . The qc conformal curvature tensor 1U'?°, introduced in [18], is the obstruction 
for a qc structure to be locally qc conformal to the standard 3-Sasakian structure on the (4n -|- 3)- 
dimensional sphere [ 12 , 18]. 

Definition 2.1. A diffeomorphism (j) of a QC manifold (M, [g],Q) is called a conformal quaternionic 
contact automorphism (conformal qc-automorphism) if (j) preserves the QC structure, i.e. 

(j)*r] = /i<l> • ? 7 , 

for some positive smooth function p and some matrix <1> G S'0(3) with smooth functions as entries 
and rj = ( 771 , 772 , 773 )* is a local 1-form considered as a column vector of three one forms as entries. 

On a qc manifold with a fixed metric g on H there exists a canonical connection defined first by 
O. Biquard in [2] when the dimension (4n -|- 3) > 7, and in [7] for the 7-dimensional case. Biquard 
showed that there is a unique connection V with torsion T and a unique supplementary subspace V 
to H in TM, such that: 

(i) V preserves the decomposition H ®V and the Sp{n)Sp{l) structure on H, i.e. Vg = 0, Vcr G 
F(Q) for a section a G F(Q), and its torsion on H is given by T{X,Y) = —[X,Y]\v] 

(ii) for f GV, the endomorphism T{£^, .)|^ of H lies in {sp{n) © sp(l))-*- C gl{4n)-, 

(iii) the connection on V is induced by the natural identification q) oiV with the subspace sp(l) of 
the endomorphisms oi H, i.e. V (77 = 0 . 


^This article reflects only the author’s views and the EU is not liable for any use that may be made of the information 
contained therein. 
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This canonical connection is also known as the Biquard connection. When the dimension of M is at 
least eleven [2] also described the supplementary distribution V, which is (locally) generated by the 
so called Reeb vector fields {fi,^2,C3} determined by 

(2-1) Vsi^k) = Ssk, {^s->dTls)\H — Oj {^s->dT]k)\H — {^k->dr]s)\H, 

where j denotes the interior multiplication. If the dimension of M is seven Duchemin shows in [7] 
that if we assume, in addition, the existence of Reeb vector fields as in (2.1), then the Biquard result 
holds. Henceforth, by a qc structure in dimension 7 we shall mean a qc structure satisfying (2.1). 

The fundamental 2-forms Wg of the quaternionic contact structure Q are defined by 

2uIs\h = d'qs\H, = 0 , i&V. 

Notice that equations (2.1) are invariant under the natural SO{3) action. Using the triple of Reeb 
vector fields we extend the metric g on H to a metric h on TM by requiring spanj^i,^2)Ca} = R -L 
H and h{^s, Cfe) = dsk- The Riemannian metric h as well as the Biquard connection do not depend on 
the action of 50(3) on V, but both change if rj is multiplied by a conformal factor [12]. Clearly, the 
Biquard connection preserves the Riemannian metric on TM, V/i = 0. 

The properties of the Biquard connection are encoded in the torsion endomorphism G {sp(n) + 
sp(l))'’‘. We recall the Sp{n)Sp{l) invariant decomposition. An endomorphism 'it oi H can be 
decomposed with respect to the quaternionic structure (Q, g) uniquely into four 5p(n)-invariant parts 
\If = v[/+++ -(- v[/^ -(- v[/ ^ -(- v[/ where the superscript -|- -I- -I- means commuting with all three 

li, -indicates commuting with Ii and anti-commuting with the other two and etc. The two 

5p(n)5p(l)-invariant components il'[ 3 ] = 'I'+++, = T"' -|- T -|- T ^ are determined by 

T = T[3] 3T-hill'll-H/2^'/2 = 0, 

vk = <;=> vp _ Iiiili - 12^112 - hi’h = 0. 

With a short calculation one sees that the 5p(n)5p(l)-invariant components are the projections on 
the eigenspaces of the Casimir operator T = Ii®Ii + I 2 ®l 2 + h®h corresponding, respectively, 
to the eigenvalues 3 and —1, see [6]. If n = 1 then the space of symmetric endomorphisms commuting 
with all Is is 1-dimensional, i.e. the [3]-component of any symmetric endomorphism ik on 77 is 
proportional to the identity, T[ 3 ] = Note here that each of the three 2-forms ujg belongs 

to its [-l]-component, Wg = Wg[_i] and constitute a basis of the Lie algebra sp(l). 

2.1. The torsion tensor. Decomposing the endomorphism G (sp(n) + sp(l))-‘~ into its symmet¬ 
ric part and skew-symmetric part b^,T^ = + b^, O. Biquard shows in [2] that the torsion 

Tj is completely trace-free, trT^ = trT^ o Ig = 0, its symmetric part has the properties T^.h = 
-hTl l 2 {Tl)+- = h{Tl)-+-, h{Tl)-+- = 72(T0J-+, 7i(r|J-+ = 73(r0 )+-.‘ The 

skew-symmetric part can be represented as = liU, where m is a traceless symmetric (l,l)-tensor 
on 77 which commutes with Ii, 12 , 13 . Therefore we have Tj. = T^. + liU. If n = 1 then the tensor u 
vanishes identically, m = 0, and the torsion is a symmetric tensor, Tj = T^. 

The two 5p(n)5p(l)-invariant trace-free symmetric 2-tensors T°{X, Y) = g{{T^^Ii+T^^l 2 -\-T^^l 3 )X, Y), 
U{X,Y) = g{uX,Y) on 77, introduced in [12], have the properties: 

T\X,Y)+T^{hX,hY)+T\l2X,l2Y) + T^{hX,l3Y) = 0 , 

U{X, Y) = U[hx, hY) = UihX, I 2 Y) = UihX, I 3 Y). 


In dimension seven (n = 1), the tensor U vanishes identically, U = 0. 
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These tensors determine completely the torsion endomorphism of the Biquard connection due to the 
following identity [18, Proposition 2.3] ‘iT^{^s^IsX,Y) = T^{X,Y) — T°{IsX, IgY) which implies 

4T(^„ IsX, Y) = 4T°(C„ hX, Y) + Ag{huIsX, Y) = T%X, Y) - T°{hX, hY) - W(X, Y). 

2.2. The qc-Einstein condition and Bianchi identities. We explain briefly the consequences of 
the Bianchi identities and the notion of qc-Einstein manifold introduced in [12] since it plays a crucial 
role in solving the Yamabe equation in the quaternionic sphere (see [13] for dimension seven). For 
more details see [ 12 ]. 

Let R = [V, V] — V[ _ ] be the curvature of the Biquard connection V. The Ricci tensor and the 
scalar curvature, called qc-Ricci tensor and qc-scalar curvature, respectively, are defined by 

Ric{X, Y) = g{R{ea, X)Y, Ca), Seal = Ric{ea, Ca) = g{R{eb, ea)ea, Cb). 

According to [2] the Ricci tensor restricted to iL is a symmetric tensor. If the trace-free part of the 
qc-Ricci tensor is zero we call the quaternionic structure a qc-Einstein manifold [12]. It is shown in 
[12] that the qc-Ricci tensor is completely determined by the components of the torsion. Theorem 1.3, 
Theorem 3.12 and Corollary 3.14 in [12] imply that on a qc manifold g, Q) the qc-Ricci tensor 

and the qc-scalar curvature satisfy 

Ric{X,Y) = (2n + 2)r°(X,r) + (4n + 10)t7(A,Y) + ^g(A,Y) 

An 

Seal = -8n{n-\-2)g(T{fi,f2),f,3) 

Hence, the qc-Einstein condition is equivalent to the vanishing of the torsion endomorphism of the 
Biquard connection and in this case the qc scalar curvature is constant [12, 15]. If Seal > 0 the latter 
holds exactly when the qc-structure is locally 3-Sasakian up to a multiplication by a constant and 
an S'0(3)-matrix with smooth entries. We remind that a (4n-|-3)-dimensional Riemannian manifold 
(M, g) is called 3-Sasakian if the cone metric g^ = t^g dt^ on N = M x 1R+ is a hyperkahler metric, 
namely, it has holonomy contained in Sp{n-\- 1). The 3-Sasakian manifolds are Einstein with positive 
Riemannian scalar curvature. 

The following vectors will be important for our considerations, 

(2.3) Ai = A = Ai A 2 A 3 . 

We denote with the same letter the corresponding horizontal I-form and recall the action of A on it, 

A{X) = g{Ii[a,^3] + l2[f3,^i] + mi,UX), IsA{X) = -A{RX). 

The horizontal divergence V*P of a (0,2)-tensor field P on M with respect to Biquard connection is 
defined to be the (0,l)-tensor field V*P(.) = (Ve„T’)(ea,.). We have from [12, Theorem 4.8] that on 
a (4n -|- 3)-dimensional QC manifold with constant qc-scalar curvature the next identities hold 

1 _ ry-t 

(2.4) V*T° = {n + 2)A, V*U = ^—A. 

For any smooth function /i on a qc manifold with constant qc scalar curvature the following formulas 
are valid [13, Lemma 4.1 ] 

3 3 

X* (j^dH^IsAs) = ^ Vdh(Aea,6)^(ea); 

s—1 s—1 

3 3 

•(E dh{fs)IsA'^ = ^ Vdh{Isea,fs)A{ea). 

S=1 


( 2 . 5 ) 
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2.3. Qc conformal transformations. Let be a positive smooth function on a qc manifold {M, rf). 
Let 77 = ^77 be a conformal deformation of the qc structure 77 . We will denote the objects related to 
77 by over-lining the same object corresponding to 77 . Thus, dfj = — dh Arj + ^drj and g = 

The new triple {Cij? 2 ,C 3 } is determined by the conditions defining the Reeb vector fields as follows 
-f IgVh, where Vh is the horizontal gradient defined by g{Vh,X) = dh{X). The 
components of the torsion tensor transform according to the following formulas from [12, Section 5] 

.2g) T°(X,F) = T\X,Y) + h-i[Vd/7][,,^][_i](X,y), 

U{X,Y) = U{X,Y) + {2h)-^[Xdh-2h-^dh<»dh][3][o]{X,Y), 
where the symmetric part is given by 


3 

[Vdh][sym]{X,Y) = Xdh{X,Y) + Y,dh{^s)0Js{X,Y) 

S=1 


and [ 3 ][o] indicates the trace free part of the [3]-component of the corresponding tensor. 
In addition, the qc-scalar curvature changes according to the formula [2] 

(2.7) ^ = 2h(Scal) - 8 in + 2fh-^\yh\^ + 8 (n-h 2) Ah. 


3. Qc CONFORMAL TRANSFORMATIONS ON QC EiNSTEIN MANIFOLDS 

Throughout this section h is a positive smooth function on a qc manifold {M,g,Q) with constant 
qc-scalar curvature Seal = 16n{n + 2) and 77 = ^ 77 is a qc Einstein structure which is a conformal 
deformation of the qc structure 77 . We recall some formulas from [13] which we need here. 

First we write the expressions of the 1-forms Ag, A in terms of h (see [13, Lemma ]) 

(3.1) A,{X) = -ih-2dh(W) - ih-3|Vh|2dh(X) - Vdh(/jX,e,) -f Vdh{hX,iu)) 

+ ]^h-^{dh{^j)dh{IjX) + dh{£,k) dh{hX)^ + (^Vdh{IjX, IjVh) + Vdh{hX,hXh)y 
Thus, we have also 


(3.2) A{X) = -^h-'^dh{X) - ^h-^\Vh\^dh{X) 

3 3 ^3 

- Xdh{IsX,is) + h-‘^^dh{^s)dh{IsX) + Xdh{IgX, IgVh) 

S = 1 S = 1 S = 1 


Second we consider the following one-forms 


(3.3) 


Dg{X) 


1 


T\X, Vh) + T\lgX,IgVh) 


For simplicity, using the musical isomorphism, we will denote with Hi, H 2 , D 3 the corresponding 
(horizontal) vector fields, for example g{Di,X) = Di{X). Using (2.2), we set 

(3.4) D = Di + D 2 + D 3 = -h-^T°{X,Vh). 


Setting T° = 0 in (2.6), we obtain from equations (3.3) the expressions (cf. [13] or [18]) 
Di{X) = h-^ dh{^,) dh{I,X) + ih-y Vdh(X, Vh) + Vdh{I,X,I,Vh) 

- Vdh(/,X,/, Vh) - Vdh(4X,4Vh)]. 


(3.5) 
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The equalities (3.4) together with (3.5) yield [13, Lemma 4.2] 

3 3 

(3.6) D{X) = ^h-‘^(3Vdh{X,Xh) - ^ Vd/i(/sX, J^V/i)) + dh{IsX). 

S^l S^l 

Third, we consider the following one-forms (and corresponding vectors) 

Fs{X) = -h-^T°iX,IsVh). 

From the definition of Fi and (3.3) we find 

(3.7) F,iX) = -h-^T°iX,hXh)= -D,{hX) + D^{hX) + Dk{hX). 

We recall the next divergence formulas established in [13, Lemma 4.2, Lemma 4.3] with the help of 
the contracted second Bianchi identity (2.4). 

(3.8) V*D = ]r°]2 -h-^g{dh,D) - h-\n + 2) g{dh, A). 

3 3 

(3.9, v.(i: dh{^s)Fs^ = '^^Vdh{Isea,^s)Fs{Isea)^ 

S^l S^l 

3 

+ h~'^'^^dh{^s)dh{Isea)D{ea) + {n + 2) dh{^s)dh{Isea) A{ea) ■ 

S = 1 

4. The divergence formula 

Following is our main technical result. As mentioned in the introduction, we were motivated to 
seek a divergence formula of this type based on the Riemannian, CR and seven dimensional qc cases 
of the considered problem. The main difficulty was to find a suitable vector field with non-negative 
divergence containing the norm of the torsion. The fulfilment of this task was facilitated by the results 
of [12]. In particular, similarly to the CR case, but unlike the Riemannian case, we were not able to 
achieve a proof based purely on the Bianchi identities, see [12, Theorem 4.8]. 

Using Seal = Seal = 16n(n -I- 2) in the Yamabe equation (2.7) we have 

(4.1) Ah = 2n — inh + h~^{n + 2)1X11]^. 

The equation (2.6) in the case = U = 0 and (4.1) motivate the definition of the following symmetric 
(0,2) tensors 


,-l r 


(4.2) B{X,Y) = -T°{X,Y) = — 3X^h{X,Y) - ^ V2/i(/,Y, J«Y) + 4 ^ dh(^,)a;,(Y, Y) 


(4.3) E(Y, Y) = -2U{X, Y) = — \x^h{X, Y) + ^ X^h{AX, AY) 


2h- 


O li~^ 

dh{X)dh{Y) +J2dhiIsX)dh{AY) - — (2 - 4h + h-^\Xhf'jg{X,Y). 


The one form D defined in (3.4) and expressed in terms of h in (3.6) satisfies D{X) = h ^D(X, Vfi) 
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Consider the 1-form E{X) = h ^E(X, V/i). We obtain from (4.2) and (4.3) the expression 

L—2 ^ 

(4.4) E{X) = — X‘^h{X,Vh) + ^V‘^h{IsX,I,Vh) + {^-2 + 4.h-ih-^\Vh\^'^dh{X) 

S — 1 

We also define the (0,3)-tensors D and E by 
h-^ r 

(4.5) ]D>(X, Y,Z) = -— dh{X)T°{Y, Z) -f dh{Y)T°{X, Z) 


+ ^ dh{hX)T\hY, Z) + Y. dh{IsY)T°{hX, Z) 


S=1 


S=1 


(4.6) E(X, r, Z) = l^^dh{X)E{Y, Z) E dh{Y)E{X, Z) 

3 3 

+ ^ dh{I,X)E{IsY, Z) + Y, dh{I,Y)E{IsX, Z)}. 

S=1 S = 1 

After this preparations we are ready to state the main result. 

Theorem 4.1. Suppose (M^^+^,77) is a quaternionic contact structure conformal to a 3-Sasakian 
structure d = If Seal rj = Scalfj = 16n(n-|-2), then with f given by 

(4.7) / = ! + /, + 
the following identity holds 

3 3 3 in ^ 

(4.8) V*(^f{D + E) + Y,dK£.s)IsE + Y,dh{£.s)Fs + 4^d/i(6)AA, - — ^ d/i(^,)/. a) 

S — 1 S = 1 S = 1 S=1 

= (i + /i)(|T0|2 + |E|2)+2/i|D + Ep+ h{QV,V). 

where Q is equal to 


- 5 

2 

1 

~2 

1 

~2 

1 

~2 

-2 

-2 

-2 

1 

5 

1 

1 

10 

2 

2 

~ 

2 



y 

~3 

~3 

1 

1 

5 

1 

2 

10 

2 

2 

2 

2 

2 

3 

3 

3 

1 

1 

1 

5 

2 

2 

10 

2 

2 

2 

2 

3 

3 

y 


10 

2 

2 

22 

2 

2 


y 

~3 

~3 

y 

~3 

~3 


2 

10 

2 

2 

22 

2 


~3 

y 

~3 

~3 

y 

~3 


2 

2 

10 

2 

2 

22 


3 

3 

3 

3 

3 

3 


Here, Q is a positive definite matrix with eigenvalues 1, | ± and ^ ± and 

V = {E, Di, D 2 , D^, Ai, A 2 , A 3 ) with E, Dg, Ag defined, correspondingly, in (4.4) (3.3) and (2.3). 
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Proof. For the sake of making some formulas more compact, in the proof we will use sometimes the 
notation XY = g{X, Y) for the product of two horizontal vector fields X and Y and the similar 
abbreviation for horizontal 1-forms. 

We begin by recalling (3.6), (4.4) and (3.2), which imply 

(4.9) 

+ \h-^ Y. dh{is)dh{hX) - + h+ h-^\Vh\^yh{X). 

S^l 

Using the function / defined in (4.7), we write (4.9) in the form 

3 3 

(4.10) 2 Y V^h(/,X, ^s) = h{3E{X) - D{X) - 2A{X)) + 3h-^ Y dh{f,s)dh{IsX) - 3h-^fdh{X). 

S^l S^l 

The sum of (3.6) and (4.4) yields 


(4.11) {E+D){X) = h-^X^h{X,Vh) + h-^YdKis)dh{IsX) + ^(^-2 + 4.h-3h-^\Vh\^'jdh{X) 

S = 1 


Using (4.7) and (4.11), we obtain 


3 

(4.12) 2Vxf = h{E + D){X) - Y dh{^s)dh{I,X) + h-^fdh{X). 

S^l 

We calculate the divergences of E using (2.4) as follows 


(4.13) X*E = 2h-^dh{ea)U{ea, Vh) - 2h-\V,^ U){ea, Vh) - 2h-^U{ea, eb)X^h{ea, e^) 

= —h~^(l — n)A(Xh) + U{ea, eb){—2h~^) X^h{ea, e^) — 2dh{ea)dh{eb) + h~^E(Xh) 

= |Ep -I- h~^dh{ea)E{ea) - h~^{l - n)dh{ea)A{ea). 


Similarly, we have 


(4.14) - X*IsE = 2h-^dh{ea)U{Isea, Vh) + 2h-\Xe^U)iea, 4Vh) - 2h-^U{Eea, eb)X^hiea, e&) 

= h~^{l - n)A{IsVh) + U{Isea,eb){-2h~^) V'^h{ea,eb) - 2dh{ea)dh{eb) + h~^E{IsVh) 

= U{Isea,eb)U{ea,eb) - h~^(l - n)dh{Isea)A{ea) = - n)dh{Isea)A{ea), 


since U{Isea, eb)U{ea, Cb) = E^IgVh) = 0 due to (2.2). 








12 


STEFAN IVANOV, IVAN MINCHEV, AND DIMITER VASSILEV 


Now we are prepared to calculate the divergence of the first four terms. Using (3.8), (3.9), (4.13), 
(4.12), (4.14) and (4.10), we have 


(4.15) \fiD + E){ea) - ^ dh{^,)E{Isea) + ^ dh{^,)F,{ea) 


= + D){ea) - ^ E dh{^s)dh{Isea) + ^fdh{ea)) {D + E){ea) 

S^l 

+ f- h-^D{Wh) - h-^{n + 2)A{Wh) + \T°\^ + \E\^ + h-^dh{ea)E{ea) - /i”^(l - n)dh{ea)A{ea) 

3 3 

+ h~^{l - n) E dh{^s)dh{Isea)A{ea) + E V^/i(Jsea, ^s)E{ea) 


+ '^V‘^h{Isea,(s)Es{Isea) + h ^ ^dh{^s)dh{Isea)D{ea) + {n + 2) ^dh{Cs)dh{Isea) A{ea) 

S—1 S=1 S = 1 

= /(|t 0|2 + lEp) + !1\d + E\^ + ^{3E - D - 2A){ea)E{ea) 

3 ^3 

+ dh{^s)dh{Isea) - fdh{ea) (^-D{ea) + 3A(ea)) + E^^^ (/gCa, Cs)-P's(-fsea). 


Applying (2.5) and (4.10) we obtain 


(4.16) Ve„ \f{D + E){ea) - E dh{i,)E{hea) + E dh{i,)F,{ea) - 2 E dh{^s)IsA{ea) 




S = 1 


S = 1 


= fi\T°\^ + lEp) + -|£) + Up + -(3U - D - 2A)£; - h{3E -D- 2A)A 

, _1 3 3 

+ — ^^dh{^i,)dh{Isea) - fdh{ea) D{ea) + '^V'^h{Isea,^s)Es{Isea) 


According to (3.7), the last term in (4.16) reads 




(4.17) - V2h(/3e„e3) 

+ D2{ea) [ - V^Khea, il) + V^Hhea, 6) - '^^KhCa, 6) 

+ i^3(ea) [ - V2/l(Jie„, Cl) - y^Hhea, 6) + y^Hhea, Cs) 
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Using (4.17) we rewrite the last line in (4.16) as follows 


.-1 


(4.18) —^dh{^s)dh{Isea) - —fdh{ea) D{ea) + '^V‘^h{I^ea,^s)Fs{Isea) 






r h~^ ^ h~^ 

= Di{ea) S/^h{hea,^i) -V^h{l2ea,^2) -y^h{hea,^3) + —J2dh{^s)dh{Isea) - ^fdh{ea) 


S=1 

.-1 3 


+ D2{e,) - ^i) + 6 ) - V 2 /i(/ 3 e„, ^ 3 ) + ^ dh{^,)dh{hea) - ^fdh{ea) 


S = 1 


r h~^ ^ h~^ 

+ D^iea) - V^HhCa, Cl) - y^Khea. 6 ) + y^Khea. ^ 3 ) + ^ dh{is)dh{Isea) - -^fdh{ea) 


S = 1 


The equalities (4.4), (3.5) and (3.1) imply 


(4.19) y^hihx, 6 ) + y^Hhx, 6 ) 

3 

= h{E -Di- 2Ai){X) + h-^ dh{^s)dh{IsX) - h-^fdh{X), 

S=1 

Subtracting two times (4.19) from (4.10) we obtain 


L-l 3 ,_1 

(4.20) V^/i(/iea,Ci) - y'^h{l2ea,^2) - y'^Khe-a^^d.) + —^^dh{^s)dh{Isea) - T^fdh{ea) 


S = 1 

h 


= -[-E-D + ADi-2A + 87li] (ea) 


The left-hand side of the above identity is the second line in (4.18). The other two lines are evaluated 
similarly and the formulas are obtained from the above by a cyclic rotation of {1, 2,3}. A substitution 
of the resulting new form of (4.18) in (4.16) give 

3 3 3 . 

(4.21) [f{D + E){ea) - ^ dh{^s)E{I,ea) + ^ dh{^s)Fs{ea) - 2 ^ dh{^s)IsAiea) 

S = 1 S = 1 s — 1 

= /(|r°p -f |Ep) +^\^E^ + A'^ + Dj + Dl + Dl- 2 AE + 2 AiDi + 2 A 2 D 2 + 2 A 3 D 3 
In view of (2.5) for any non-zero constant c we calculate the following divergences as follows 


S=1 


(4.22) Ve„(c^d/i(e.)AA,(ea) - | ^ dh(e.)/.A(ea)) 

S—1 

2V2/i(/iea,a) - V2/i(J2ea,6) - y^h{hea,^3)]Ai{ea) 
2V2h(/2ea,6) - y^hihea,^l) - y^KhCa, ^3)\A2iea) 


+ 


c 

3L 

c 

3L 


+ 31 


2V^h{l3ea,^3) - y^h{l2ea,^2) - y^h{hea,^i) A3iea) 
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subtracting (4.19) from twice (4.10) yields 

(4.23) 2V2/i(/iea, 6) - 6) - ^^Hhea, 6) 


= h 


2Di — D 2 ~ + 4a1i — 2 A 2 — 2 A 3 


(ea) 


Now, taking into account (4.23), (4.22) and (4.21) we obtain 

3 3 3 . 

(4.24) V* \f{D + E){X) - Y, dh{^s)E{IsX) + Y dh{^s)Fs{X) - 2Ydh{UlsA{X) 


S=1 








c ^ dh{^s)IsAs{X) -^Y dh{UlsA{X) 


= /(|rO|2 + |E|2) 


Ah 

T f 


+ A^ + Dl+Dl +Dj- 2 AE + 2 AiDi + 2A2D2 + 2A3D3 


+ h^ 


(2Ei -D2-D3 + 4^1 - 2^2 - 2^3)^! 


{2D2 — Di — D3 Y 4^2 — 2Ai — 2^3)A2 



(2E3 -D2-D3+ 4A3 - 2A2 - 2Ai)A3 


In the next Lemma, as in the proof of Theorem 4.1, we shall use again the notation XY = g{X, Y) 
for the product of two horizontal vector fields X and Y and the similar abbreviation for horizontal 
1-forms. 

Lemma 4.2. For the (0,3)-tensors D and E defined by (4.5) and (4.6) we have 


|D|2 = + 


(4.25) 


S=1 

|E|" = jV"|V(.p|Ep-l|Ep, 




S=1 


Consequently, 

1 ^ 

(4.26) -h-2|Vhp(|r°p-p lEp) = 2|D-f Ep - ^ ED, 

S — 1 

1 1 ^ 

^ S^l 

Proof. We shall repeatedly apply (2.2), the defining equations (4.5), (4.6), (2.3) and (3.4). We have 

(4.27) |D|2 = ^^|v/i|2|r°|2 + :^(2T0(Vh,e,)r0(Vh,e,) 

3 3 

- AYT°{Is^h,ee)T°{IsVh,ec) + 2 Y T\lsIt^h,e,)T\ltIsVh,eS) 

S—1 S,t—1 

7—2 1 ^ 

= — |vhnr°|2 + _ (_ ^ Ef + 2 (EiE2 + E1E3 + D2D, 


S = 1 
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which is the first line of (4.25). For example, the third term in (4.27) is calculated as follows 


O 

Y, T°{IsIt^h,ec)T°{ItIs^h,ec) = Y [T°{Vh,ec)T°{Vh,ec) - 2r0(/, Vh, e,)rO(4V/i, e,) 


S,t — 1 


S = 1 


= 6 \Df - 12 YdI+ 8 iDiD 2 + D1D3 + D2D3) = -6YdI + 20(F'ii:>2 + D1D3 + D2D3). 


S = 1 


S = 1 


Similarly, we obtain the second line of (4.25). The equality (4.26) follows from (4.25) which 
completes the proof of Lemma 4.2. □ 

Finally, the proof of Theorem 4.1 follows by letting c = 4 in (4.24)and using (4.26) and (2.3). □ 


5. Proof of Theorem[1.3] and Theorem[1.1] 


We begin with the proof of Theorem 1.3. The first step of the proof relies on Theorem 4.1. By 
a homothety we can suppose that both qc-scalar curvatures are equal to 16n(n + 2). Integrating 
the divergence formula of Theorem 4.1 and then using the divergence theorem established in [12, 
Proposition 8.1] shows that the integral of the left-hand side is zero. Thus, the right-hand side 
vanishes as well, which shows that the quaternionic contact structure fj has vanishing torsion, i.e., it 
is also qc-Einstein according to [12, Proposition 4.2]. This proves the first part of Theorem 1.3. 

To prove the second part, we develop a sub-Riemannian extension of the result of [23], see also [4] 
and the review [20, Theorem 2.6], on the relation between the Yamabe equation and the Lichnerowicz- 
Obata first eigenvalue estimate. We begin by recalling some results from [12, Section 7.2]. A vector 
field Q on a qc manifold (M, 77 ) is a qc vector field if its flow preserves the horizontal distribution 
H = kerr]. Since the conformal class of the qc structure on spanjiyi, 772,173} is uniquely determined by 
H (cf. [2]), we have that 

Lq-tj = {vl -bO) -77, 

where u is a smooth function and O G so(3) is a matrix valued function with smooth entries. Since 
the exterior derivative d commutes with the Lie derivative Lq , any qc vector field Q satisfies 

^Q 9 = vg, LqI = 0 -I, J = (Ji, 12,13)*, 


which is equivalent to saying that the flow of Q preserves the conformal class [ 5 ] of the horizontal 
metric and the quaternionic structure Q on H. The function v can be easily expressed in terms of 
the divergence (with respect to g) of the horizontal part Qh of the vector held Q. Indeed, from [12, 
Lemma 7.12] we have 

9{VxQh,Y) + giVvQn.X) + 2gfiQ)g{TlX,Y)=vg{X,Y), 


hence 


1 

2n 


X*Qh- 


This gives a geometric interpretation for the quantity (V*(5i/), namely, the how of a qc vector held 
Q preserves a hxed metric g G [g] if and only if X*Qh = 0. 

As an inhnitesimal version of the qc Yamabe equation we obtain the following general fact con¬ 
cerning the divergence of a QC vector held. 


Lemma 5.1. Let [M,rf) he a qc manifold. For any qc vector field Q on M we have 

A(V*Qff) = - 


n- ry .\ Seal „ 
Q{Scal) - 77 — Qh, 


2{n + 2) 


4(n-b2) 
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where Seal, V*, A and the projection Qh correspond to the contact form rj. 


Proof. Suppose Q is a qc vector field and let (ft be the corresponding (local) l-parameter group of 
diffeomorphisms generated by its flow. Then 

= Wt^ 

for some positive function ht, depending smoothly on the parameter t. The qc scalar curvature Scab 
of the pull back contact form </)*(??) is given by Scab = Seal o eff Then, formula (2.7) yields 

(5.1) Scalo^t = 2/it (Seal) — 8(n + 2)^+ 8(n + 2)Aht. 

Clearly, we have /iq = ^, and from 


-{y*QH)9 = ^Q9 = :w|t=o 


2n' 

*0 = where h'^ 


2ht 


9 = 




we obtain that /iq = —where /ig denotes the derivative of ht a.t t = 0. A differentiation at 
t = 0 in (5.1) gives the lemma. □ 


Lemma 5.2. Let (M, p) and (M, p) be qc-Einsten manifolds with equal qc-scalar curvatures 16n(n+2). 
If p and p are qc conformal to each other, p = -^p for some smooth positive function h, then 

1 ^ 

(5.2) Q= yf + J2dhif,)fs 

S = 1 

is a qc vector field on M, where the function f is defined in (4.12). 

Proof. The assumption of the lemma implies that E = D = Dg = Ag = 0. Using (4.19), (4.20) and 
(4.12) we obtain 'V^h{IgX,fg) = —df{X) and thus X^h{X,fg) = df{IgX). It follows that 

3 3 

Y,Vx{dhifg)fg) = Y,dfiIsX)fg. 

S = 1 S = 1 

To show that the flow of the vector field Q, defined by (5.2), preserves the horizontal distribution 
H, for any X € H, we have 


EQ{X) = ^[Xf,X]+^[dh{fg)fg,X] = ^XvfX - ^VxiVf) - ^iOg{Vf,X)fg 

S^l s^l 

3 3 

+ ^ [dhiCg)X^^X - Xxidhifg)^g) - dhi^g)T^^iX)] = ivv/A - ivx(V/)+^dh(6)V^,A G H. 

S=1 S=1 

□ 

At this point we are ready to complete the proof of Theorem 1.3. Consider the qc vector field 
Q defined in Lemma 5.2. By Lemma 5.1, the function (f = ^A/ is either an eigenfunction of the 
sub-Laplacian with eigenvalue —4n, Acf = —An(f, or it vanishes identically. In the first case, using the 
quaternionic contact version of the Lichnerowicz-Obata eigenfunction sphere theorem [16, Theorem 
1.2] and [17, Corollary 1.2] (see also [1]), we conclude that (M, p) is the 3-Sasakain sphere. In the other 
case, we have that A/ = 0, hence the function / = ^ + h + = const since M is compact. 

It follows that /i = 1/2 by considering the points where h achieves its minimum and maximum and 
taking into account the qc Yamabe equation (4.1). The proof of Theorem 1.3 is complete. 
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Remark 5.3, Lemma 5.2 provides also a certain geometric insight for the mysterious function f in 
(4.7). In fact, up to an additive constant, f is the unique function on M for which Qh = -^V/ is 
the horizontal part of a qc vector field Q with vertical part Qy = dh{f^s)f^s, Q = Qh + Qv■ This 
assertion is an easy consequence of the computation given in the proof of Lemma 5.2. Moreover, it 
implies that on the 3-Sasakain sphere (j) = A/ is an eigenfuction of the sub-Laplacian realizing the 
smallest possible eigenvalue —An on a compact locally 3-Sasakian manifold. 

Theorem 1.1 is a direct corollary from Theorem 1.3. Alternatively, as in the proof of Theorem 1.3, 
we can use in the first step Theorem 4.1 which shows that the ”new” structure is also qc-Einstein. The 
second step of the proof of Theorem 1.1 follows then also by taking into account [12, Theorem 1.2] 
where all locally 3-Sasakian structures of positive constant qc-scalar curvature which are qc-conformal 
to the standard 3-Sasakian structure on the sphere were classified (we note that this classification 
extends easily to the case when no sign condition of the ”new” qc-structure is assumed, see [20]). 
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